Abstract: Many processes are involved in the accumulation of space charges within the insulation materials of high voltage direct current (HVDC) cables, e.g., the local electric field, a conductivity gradient inside the insulation, and the injection of charges at both electrodes. An accurate description of the time dependent charge distribution needs to include these effects. Furthermore, using an explicit Euler method for the time integration of a suitably formulated transient model, low time steps are used to resolve fast charge dynamics and to satisfy the Courant-Friedrichs-Lewy (CFL) stability condition. The long lifetime of power cables makes the use of a final stationary charge distribution necessary to assess the reliability of the cable insulations. For an accurate description of the stationary space charge and electric field distribution, an empirical conductivity equation is developed. The bulk conductivity, found in literature, is extended with two sigmoid functions to represent a conductivity gradient near the electrodes. With this extended conductivity equation, accumulated bulk space charges and hetero charges are simulated. New introduced constants to specify the sigmoid functions are determined by space charge measurements, taken from the literature. The measurements indicate accumulated hetero charges in about one quarter of the insulation thickness in the vicinity of both electrodes. The simulation results conform well to published measurements and show an improvement to previously published models, i.e., the developed model shows a good approximation to simulate the stationary bulk and hetero charge distribution.
Introduction
The charge transportation behavior and accumulation in high voltage direct current (HVDC) cable insulations result in reliability problems of these components, due to an increased local electric field strength. In comparison to measurements, a cheap alternative is the simulation of such a charge distribution, using a conductivity model for the insulation. Typical conductivity models show a dependency on the electric field and the temperature [1] . For an accurate description of the space charge density, conductivity models need to include different effects. Short term effects are injection and extraction processes at both electrodes and charge packets. Relatively long term effects are the accumulation of bulk charges within the insulation and the presence of homo or hetero charges in the vicinity of both electrodes. Due to the long operation time of direct current (DC) power cables that are in service from several years up to decades, only long term effects are considered and the stationary charge distribution is simulated to determine the reliability of the insulation material. is the current density inside the insulation, grad E ϕ = −  is the magnitude of the electric field, φ is the electric potential, ρ is the space charge density, σ is the electric conductivity, ε = ε0εr, where ε0 = 8.854 × 10 −12 As/(Vm) is the dielectric constant and εr is the relative permittivity [9] . The Equations (1)- (3) are solved using the finite-difference method in one dimension. Depending on the geometry, depicted in Figure 1 , a uniform grid of spacing Δh in either radial direction or x-direction is utilized, respectively [10] . Simulation results of a 150 μm thick insulating material are given in [11] , where a non-uniform grid of minimum nodal distance 0.1 μm is used. To provide a sufficiently accurate spatial discretization for both geometries in Figure 1 , the distance between the anode and the cathode is discretized with N = 1500 equidistant grid points in this work. The thickness of the planplanar insulation is L, the radius of the inner cable conductor is ri, the radius of the outer sheath is ra, the conductor temperature is Ti, the sheath temperature is Ta, and the applied voltage is U.
In literature, the conductivity of polymeric insulations is typically modeled with an Arrheniustype conductivity-temperature relationship. The electric field shows a dependency with a "sinh" (see e.g. [12, 13] ). The bulk conductivity σB of polymeric insulations is given by
where k = 1.38 × 10 −23 J/K is the Boltzmann constant, T is the temperature, 0 | | J is a current density constant, Ea is the activation energy, and γ is a constant to describe the dependency on the electric field [13] . These constants are determined by a fit of Equation (4) (see [14] [15] [16] ).
(a) (b) Figure 1 . (a) geometry of a planplanar insulation; (b) geometry of a cylindrical insulation [10] .
Analogously to [9] , hetero charge accumulation in the vicinity of both electrodes is described by a conductivity gradient with two sigmoid functions. The total electric conductivity σ inside a cylindrical insulation is modeled by ( ) Analogously to [9] , hetero charge accumulation in the vicinity of both electrodes is described by a conductivity gradient with two sigmoid functions. The total electric conductivity σ inside a cylindrical insulation is modeled by
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where K 1 describes the conductivity variations at the inner conductor (anode) and K 2 the conductivity variations at the outer sheath (cathode); in (6) and (7), r x is the distance between r i and the position of the highest gradient (σ/σ B (r = r x ) = 0.5). If a planplanar insulation is considered, r → x, r i = 0 and r a = L holds. The distance constant χ defines the conductivity gradient in the vicinity of both electrodes (see Figure 2a) , which affects the magnitude and the shape of the hetero charges distribution (see Figure 2b ). For example, in Figure 2 χ = 10 µm and χ = 20 µm with r x = 50 µm are depicted. Increasing the distance constant χ results in a decreasing conductivity gradient and hetero charges distribution, with a slightly spread out charge shape. In Figure 2 , a constant bulk conductivity (σ B = const.) is used for the computation of the stationary space charge density ρ [10] .
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where K1 describes the conductivity variations at the inner conductor (anode) and K2 the conductivity variations at the outer sheath (cathode); in (6) and (7), rx is the distance between ri and the position of the highest gradient (σ/σB(r = rx) = 0.5). If a planplanar insulation is considered, r → x, ri = 0 and ra = L holds.
The distance constant χ defines the conductivity gradient in the vicinity of both electrodes (see Figure 2a) , which affects the magnitude and the shape of the hetero charges distribution (see Figure  2b ). For example, in Figure 2 χ = 10 μm and χ = 20 μm with rx = 50 μm are depicted. Increasing the distance constant χ results in a decreasing conductivity gradient and hetero charges distribution, with a slightly spread out charge shape. In Figure 2 , a constant bulk conductivity (σB = const.) is used for the computation of the stationary space charge density ρ [10] . A conductivity increase is described with K1, resulting in negative charges at the anode and K2 is describing a conductivity decrease, resulting in positive charges at the cathode. This relationship is obtained from the analytic solution of the stationary charge and electric field distribution, using a conductivity gradient.
Assuming a spatial varying conductivity σ(r) = σ0 × K1, where σ0 is a constant conductivity, and a planplanar insulation (see Figure 1a) . Using (1), (3) , and Gauss law, the stationary charge density is computed by
With (2) and grad E ϕ = −  , the stationary electric field within a homogeneous (εr = constant) insulation is computed by
To obtain the stationary electric field, the solution of
is given by Influence of distance constant χ on conductivity gradient and resulting space charge distribution ρ. (a) normalized conductivity σ/σ B ; (b) normalized stationary space charge distribution [10] . A conductivity increase is described with K 1 , resulting in negative charges at the anode and K 2 is describing a conductivity decrease, resulting in positive charges at the cathode. This relationship is obtained from the analytic solution of the stationary charge and electric field distribution, using a conductivity gradient.
Assuming a spatial varying conductivity σ(r) = σ 0 × K 1 , where σ 0 is a constant conductivity, and a planplanar insulation (see Figure 1a) . Using (1), (3), and Gauss law, the stationary charge density is computed by
With (2) and → E = −grad ϕ, the stationary electric field within a homogeneous (ε r = constant) insulation is computed by
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where C is a constant, that is computed by
Measurements indicate hetero charges located near the electrodes and less charges are within the bulk. Thus, the conductivity gradient is also located near the electrodes and L r x . With L r x , the constant C is positive. With (11) and Gauss law, the stationary charge density is given by
From (13), we see that the conductivity increases results in negative charges. Using a decreasing conductivity σ(r) = σ 0 × (1 − K 2 ) positive charges are modeled at the sheath, where the computation is analog to (8)- (10) . The electric field is
where C is equal to (12) . The stationary charge density is
To determine the constants r x and χ, the region of the conductivity gradient is defined by ∆. In Figure 3 , (6) and (7) are depicted for a planplanar geometry [10] . To determine the dependency of r x and χ on ∆, a straight line f (x) = a(x − r x ) + b = (1/∆)(x − r x ) + 0.5, depicted as the black line in Figure 3b , is used. With f (x = r x ) = 0.5, we define r x = ∆/2. As a first assumption to describe χ by ∆, we use the gradient of σ/σ B at x = r x (equal to the gradient of σ/σ B at x = L − r x ). For a planplanar geometry, the gradient of σ/σ B is
If L r x , the gradient at x = r x or x = L − r x is equal to 1/(4χ). Using 1/(4χ) as the gradient a for a straight line f (x) = a(x − r x ) + 0.5, the green line in Figure 3b is obtained. Decreasing the gradient from 1/(4χ) to approximately 1/(10χ), depicted as the red dotted curve in Figure 3b , results in the best fit to describe the black line f (x) = (1/∆)(x − r x ) + 0.5. Thus, the constants r x and χ are described by r x = ∆/2 and 10χ ≈ ∆, where now only ∆ has to be determined by measurements.
In [17] , hetero charge distributions in XLPE are discussed. The measured charge distribution shows an increasing hetero charge distribution from zero at the electrodes to approximately one third of the insulation thickness and then reducing to values close to zero around the center of the insulation. Thus, a first indication for the value of r x is one third of the insulation and for the value of ∆ = 10χ is half of the insulation thickness. On the contrary, the analytic solution of the charge density (13) and (15) and Figure 2b show a maximum hetero charge density at the conductor, decreasing to zero within the range of ∆. The difference between measurements in [17] and (13) or (15) comes from filtered surface charges, which are considered in the measurements in [17] . The finite resolution of Energies 2019, 12, 3018 6 of 14 the measurement technique itself filters the surface charges, whereby they spread out and look like a Gaussian curve [8] . Consequently, a measured space charge distribution has its maximum hetero charge values in the vicinity of both electrodes, instead of a position immediately at the electrodes.
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Gaussian curve [8] . Consequently, a measured space charge distribution has its maximum hetero charge values in the vicinity of both electrodes, instead of a position immediately at the electrodes.
(a) (b) To compare a measured and simulated space charge distribution, the surface charges have to be considered. With an applied voltage and accumulated space charges, surface charge (δ+ and δ−) accumulate at both electrodes. These charges are derived from [18] and are approximately described by 
The first term in (17) and (18) represents induced surface charges, by accumulated space charges, while the second term represents capacitance charges by the polarization of the insulation material.
The measurements are obtained, using the pulsed electro acoustic (PEA) method [6, [19] [20] [21] . Utilizing an acoustic measurement technique, the resulting charge measurements are subjected to a Gaussian filtering process, giving inaccurate results of the measurements at the electrodes. Consequently, to compare the measurements against simulation results, the simulation results are filtered, using a Gaussian filter (see [18] ).
Comparison between Simulated and Measured Space Charge Distribution
Simulation results of XLPE and LDPE insulation materials are depicted in Figures 4 and 5 . The used parameters for the simulated results are summarized in Table 1 [10] . Comparing the simulation results in a planplanar insulation, the geometry in Figure 1a is used, while simulating a cylindrical insulation, the geometry in Figure 1b is used. To compare a measured and simulated space charge distribution, the surface charges have to be considered. With an applied voltage and accumulated space charges, surface charge (δ + and δ − ) accumulate at both electrodes. These charges are derived from [18] and are approximately described by
The first term in (17) and (18) represents induced surface charges, by accumulated space charges, while the second term represents capacitance charges by the polarization of the insulation material. The measurements are obtained, using the pulsed electro acoustic (PEA) method [6, [19] [20] [21] . Utilizing an acoustic measurement technique, the resulting charge measurements are subjected to a Gaussian filtering process, giving inaccurate results of the measurements at the electrodes. Consequently, to compare the measurements against simulation results, the simulation results are filtered, using a Gaussian filter (see [18] ).
Simulation results of XLPE and LDPE insulation materials are depicted in Figures 4 and 5 . The used parameters for the simulated results are summarized in Table 1 [10] . Comparing the simulation results in a planplanar insulation, the geometry in Figure 1a is used, while simulating a cylindrical insulation, the geometry in Figure 1b is used.
A description of the numerical implementation is found in [22] , where the finite difference method is used for the one-dimensional problem. A brief description to setup the Gaussian filter is found in [22] . Space charge measurements and simulation results at the time t ≈ 0 s are compared. At this time, (17) and (18) 
The constant ∆ is determined by minimizing the least squares problem
where the simulation results are ρ S and the measurements are ρ M .
Measurements of XLPE Insulation
Space charge measurements in planplanar and cylindrical XLPE insulations are found in references [6, 19, 20] . Here, the measured hetero charge distribution, including the surface charges, is positioned in about one third of the insulation thickness in the vicinity of both electrodes, while the magnitude varies with a varying temperature and electric field strength. With a constant magnitude of the applied voltage and the opposite polarity, the charge density also changes the polarity, but shape and magnitude remain the same. This so called "mirror image effect" is reported and discussed e.g., in [23] . The inversion of the equilibrium space charge distribution is explained e.g., with a spatially inhomogeneous polarization of the dielectric and the injection of charges at the electrodes [24, 25] .
Steady state charge distributions in a planplanar insulation configuration (Figure 4a ) and in a cylindrical geometry (Figure 4b ) are simulated and depicted in Figure 4 [10, 19, 20] . description of the numerical implementation is found in [22] , where the finite difference od is used for the one-dimensional problem. A brief description to setup the Gaussian filter is in [22] . Space charge measurements and simulation results at the time t ≈ 0 s are compared. At me, (17) and (18) 
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easurements of XLPE Insulation
pace charge measurements in planplanar and cylindrical XLPE insulations are found in nces [6, 19, 20] . Here, the measured hetero charge distribution, including the surface charges, is oned in about one third of the insulation thickness in the vicinity of both electrodes, while the itude varies with a varying temperature and electric field strength. With a constant magnitude applied voltage and the opposite polarity, the charge density also changes the polarity, but and magnitude remain the same. This so called "mirror image effect" is reported and discussed [23] . The inversion of the equilibrium space charge distribution is explained e.g. with a spatially ogeneous polarization of the dielectric and the injection of charges at the electrodes [24, 25] . teady state charge distributions in a planplanar insulation configuration (Figure 4a ) and in a rical geometry (Figure 4b ) are simulated and depicted in Figure 4 [10, 19, 20] . In Figure 4b , three different XLPE cable measurements, labeled with numbers "1"-"3", are s The cables differ for the semiconducting layer and the XLPE insulation type. The temperatur Figure 4a is constant (T = 27 °C), while in Figure 4b , a temperature gradient of 15 °C is used. The independent temperature distribution is calculated by T T − Three different XLPE cable measurements, labeled with numbers "1"-"3", are seen [10, 19] . In Figure 4b , three different XLPE cable measurements, labeled with numbers "1"-"3", are seen. The cables differ for the semiconducting layer and the XLPE insulation type. The temperature in Figure 4a is constant (T = 27 • C), while in Figure 4b , a temperature gradient of 15 • C is used. The time independent temperature distribution is calculated by
· ln(r/r i ), (20) where the inner temperature is T i and the outer temperature is T a .
In Figure 4a , the hetero charges and surface charges are simulated and measured, both processes including a Gaussian filtering, in a region of about 0.52 mm (0.26·L) at each electrode. The used constants are χ = 0.052 mm = ∆/10 ≈ (0.26·L)/10 and r x = 0.25 mm = ∆/2 ≈ (0.26·L)/2.
In Figure 4b , filtered hetero charges and surface charges are seen in a width of about 1 mm at each electrode, which is equal to 0.22 × (r a − r i ). The used constants are χ = 0.12 mm = ∆/10 ≈ 0.22 × (r a − r i )/10 and r x = 0.6 mm = ∆/2 ≈ 0.22 × (r a − r i )/2.
Comparing the simulation with "Measurement 1" indicate inaccurate results at the conductor and the sheath, where the simulation is overestimated. On the other hand, a comparison with "Measurement 2" and "Measurement 3" shows a sufficient accuracy of the simulated space charge distribution.
In Figure 4a , differences are observable especially at the anode and the cathode, which is a result of the filtering process. The computed surface charges (9) and (10) depend on the accumulated space charges and the local electric field. The local electric field depend on the space charges as well. If the simulated space charges differ in comparison to the measurement, the electric field and the surface charges also differ.
Measurements of LDPE Insulation
Measurements of a space charge distribution in a planplanar LDPE insulation are found e.g., in [6] and [21] . Simulation results and measurements of a 300 µm thick insulation are shown in Figure 5 In Figures 4 and 5 , the defined region of accumulated space charges is equal to the region of the conductivity gradient in Figure 2 . Differences between the charge distribution in Figures 4 and 5 , compared to Figure 2b result from an assumed constant bulk conductivity in Figure 2 . In Figures 4 and 5 a temperature and electric field dependent bulk conductivity is utilized. Accumulated hetero charges change the electric field and the conductivity at both electrodes, resulting in a spread-out charge shape compared to Figure 2b . Furthermore, in Figures 4 and 5 , surface charges are considered and the simulation results are filtered, using a Gaussian filter [18] . In Figures 4 and 5 , the defined region of accumulated space charges is equal to the region of the conductivity gradient in Figure 2 . Differences between the charge distribution in Figures 4 and 5 Figure 2b result from an assumed constant bulk conductivity in Figure 2 . In Figures 4 and 5 a temperature and electric field dependent bulk conductivity is utilized. Accumulated hetero charges change the electric field and the conductivity at both electrodes, resulting in a spread-out charge shape compared to Figure 2b . Furthermore, in Figures 4 and 5 , surface charges are considered and the simulation results are filtered, using a Gaussian filter [18] .
Additional space charge simulations of XLPE and LDPE insulations are compared to measurements in [6] . The obtained results for the distance constant χ, the position r x and the width of filtered surface and hetero charges ∆ are seen in Table 2 . A comparison between the simulation results and the measurements are seen in Figure 6 [10] . Accumulated hetero charges (including surface charges) are seen in approximately one quarter of the insulation thickness, whereby the width ∆ is approximately independent of the geometry or the insulation material (see Table 2 ). Due to the "mirror image effect" of the charge distribution, the values for χ and r x are constant, while changing the polarity of the voltage. It is not clear, why the hetero charges accumulate in one quarter of the insulation thickness. The resolution of the PEA method is 1.6 µm for a one dimensional planplanar insulation with a thickness of 25-27,000 µm and 0.1-1 mm for a cable insulation with a thickness of 3.5-20 mm [26] . The resolution is accurate enough to separate between hetero charges and bulk space charges.
Comparing, the constants χ and r x in (6) and (7) with the width ∆ (region of filtered surface and hetero charges), the approximation χ = (0.25·L)/10 and r x = (0.25·L)/2 for a planplanar insulation and χ = (0.25 × (r a − r i ))/10 and r x = (0.25 × (r a − r i ))/2 for a cylindrical insulation is defined. Table 2 . Distance constants χ and positions r x for the simulation of space charge measurements in [6, [19] [20] [21] . The absolute value of the applied voltage is |U| = 20 kV. Using a temperature and electric field dependent electric conductivity, e.g., (4), only charges within the bulk are simulated, which are mainly a result of the temperature gradient. Thus, comparing the measurements and the simulations, high differences are observable in the vicinity of the electrodes. For example, Figure 7 shows a space charge measurement and the simulating results using a commonly utilized conductivity Equation (4) and using (5) . The applied constants are equal to the constants for Figure 4a ,b and are seen in Table 1 . Without a temperature gradient and electric field gradient, (4) is constant within the insulation and the simulated space charge density ρ = 0 C/m 3 (see (8) ). The surface charges (17) and (18) Figure 7a) . A temperature gradient along the insulation results in accumulated bulk space charges, which are lower in the vicinity of the electrodes, compared to the measurements (see Figure 7b) .
The conductivity of polymeric insulation materials differs with the sample preparation, which effects the constants |J 0 |, E a , and γ in (4). The resulting space charge distribution depends on many factors e.g., the conductivity, the local electric field, or the electrode material. As a result, it is very difficult to simulate the charge distribution of different references, even if it is the same material, like XLPE [27, 28] . Differences between the measurements and the simulations in Figures 4-6 are small and the developed model yield results with good agreement to the measurements. The developed conductivity equation shows less differences to measurements compared to a commonly used conductivity equation and thus, the applicability of the formulation. factors e.g. the conductivity, the local electric field, or the electrode material. As a result, it is very difficult to simulate the charge distribution of different references, even if it is the same material, like XLPE [27, 28] . Differences between the measurements and the simulations in Figures 4-6 are small and the developed model yield results with good agreement to the measurements. The developed conductivity equation shows less differences to measurements compared to a commonly used conductivity equation and thus, the applicability of the formulation. (e) (f) Figure 6 . Measured and simulated charge distribution in a XLPE and LDPE insulation [6] . (a) XLPE, planplanar, +U; (b) XLPE, planplanar, −U; (c) XLPE, cylindrical, +U; (d) XLPE, cylindrical, −U; (e) LDPE, planplanar, +U; (f) LDPE, planplanar, −U. The absolute value of the applied voltage is |U| = 20 kV.
(a) (b) Figure 7 . (a) Measured and simulated charge distribution, using a common conductivity equation in literature (4) and the developed conductivity equation (5) in a planplanar XLPE insulation [20] ; (b) Measured and simulated charge distribution, using (4) and (5) in a cylindrical XLPE insulation [19] . 
Conclusions
An empirical conductivity model equation was developed for XLPE and LDPE insulation materials. As various space charge measurements in literature showed accumulated hetero charges in the vicinity of both electrodes, to simulate these charges, a commonly established, but insufficient accurate nonlinear field and temperature dependent conductivity model was used and improved by two sigmoid functions to create a conductivity gradient at both electrodes. The model was validated with its steady state space charge distribution and resulted in realistic accumulation of hetero charges typically positioned in about one quarter of the insulation thickness at each electrode. A comparison of simulation and measurement results validated the presented model, showing a good agreement and an improvement in comparison to those of previously established conductivity models. 
